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1. Introduction 
In this paper we present a theorem on the convergence of generalized continued fractions 
(GCF’s). Recently a number of papers have been written which deal with that subject. GCF’s are 
used in the study of simultaneous rational approximation of functions using rational functions 
with a common denominator, a theory which was first developed by De Bruin [1,3.4]. Conver- 
gence results were given by De Bruin [3,4] and Van der Cruyssen [8]. GCF’s may also be used for 
the computation of certain non-dominant solutions of linear recurrence relations [6.7]. Al- 
gorithms for the calculation of GCF’s are discussed in [2,7]. The theorem we are going to prove is 
a generalization of a well-known theorem on continued fractions which is due to Pringsheim: 
Theorem (Pringsheim). The continued fraction K( a,,/b,,) converges to u finite value if 
lb,/ > Ia,] +l, Vn. 
If f,, denotes its nth approxintant, then 
If, I <I, Vn. 
(Here we use the notations of [5].) The relation between our theorem and the result of De Bruin 
[4] is discussed. 
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2. Definitions and notations 
We consider the pth order linear homogeneous recurrence relation 
JG+p)= L(“)Y(n+p-iL n>,O (1) 
i=l 
and we will use the following notations: 
- For i=l,...,p {aj(n)},“=, is the solution of (1) with initial values 
(Y;(m)=!$,+,, m=O,l,..., p-l. (2) 
_ For i = 1 , . . . , p and j 1, 1 { a{(n)},“=, is the solution of (1) with initial values 
(Yj(j+m)=S;,m+,, m=O,l,..., p-l. (3) 
Definition 1 (de Bruin [4]). (i) The generalized continued fraction of dimension p - 1 associated 
with (1) is given by the p - 1 sequences of approximants 
(ii) The gene ra ized continued fraction is said to converge if 1 
/m~+)/a,(n) 
exists and is finite for i = 1, 2,. . . , p - 1. 
Definition 2. We say that (1) satisfies the dominance-condition (DC) if 
i (a,(n)]+l< la,(n)l, Vn>,O. 
r=2 
3. Some preliminary lemmas and theorems 
Lemma 1. If (1) satisfies the DC (4) then 
la,(n)1 < Ia,(n+l)I, VnaO. 
Proof. By induction on n. We use the notation r(n) = ) a,,(~ + 1) 1 - la,(n) (. 
(i)Itisclearthatr(m)>,Ofor~n=O.l,...,p-2. 
(ii) We will show that for n >/ 0: 
r(n+m)>O form=O,l,..., p-2 * r(n+p-1)20. 
We have 
G+p-I)= l~,(n+P)l-l~,(n+p-1)l 
=I iu,(n)ap(n+p-i)l--lap(n+p. 
i=l 
~I+~II~,(~+P-~)I- i ldn>l 
r=2 
-I++p-111 
-1)l 
l~,(n+~-Ql 
(4) 
(5) 
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=i [l~i(~)I(I~p(~+P-l)l-l~p(~+p--i)l)] 
r=Z 
3 0 by the induction hypothesis. q 
Remark. As a consequence of Lemma 1 we have 
(Y,(n)+O, v’n>p-1. 
We will use this in our main theorem. 
Lemma 2. 
a,(n)= C Qp_,+k(k-l)cYpk(n) fori=l,..., p, V’nai, 
k=l 
Proof. The proof is straightforward. •I 
Theorem 1. If (1) satisfies the DC (4) then 
p-1 
c I%(dl-t16 b,(n)l, vn>p-1. 
n*= 1 
Proof. We will show that 
i i I~,,(i-2)1 I$-Wl+14 l~,b>l. 
r=2 m=, 
The theorem then follows immediately from (6). For n 2 2p we have 
I+)i-l(~J : a,(&l)a;(n)l-l 
Ih=l I 
a l4llq41- Ii I%WW I+dl-1 
k=2 
- i la,(i-1)1-l- i Ia,(i-l)l l$(n)( -1 
r=2 
li 
m=2 
I??#! 1 1 
(6) 
(7) 
(8) 
(9 
=(l~1(0)1--1)Ia~(n)I+ 5 f: Ia,(i-2)lI~~-‘(n)l+A, 
,=3 k=; 
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with 
+(a,P(n) I-1. 
If we show that A, >, 0 then (9) follows immediately from (10) and the DC (4). 
Since 
ld4l-l- ii ldP)l 
i=2 
we have 
A3~4- I4dl-l- i MPH l~;+wl. 
( i-2 1 
Rewriting this as 
432 b;(n) I - ldl) I I+) I - i I%(4 I k$+w I 
i ( 
+A, 
k=2 11 
with 
p-1 r I p-1 
(n)I- la,(i+l)l lnb_2(n)l-.C la,(i+k)l lcX;+‘+k(n)l 
I h=2 
+ Japp+yn) (-1, 
we see that A, has exactly the same form as A,, and furthermore A, 2 A, since the expression 
between square brackets is greater than or equal to zero as a consequence of (7). We now repeat 
the process and we get 
A, >, A, a . . . >, An-2p 
with 
p-1 
An_2p >, c 
I=1 I 
Ic$,+“-~~ @)I- (n,(i+n-2p)lIcu;:-?P+‘+‘(n)J 
i 
p-i 
- kT2.juk(i + n - 2p + k - 1) 1 ),;+“-2p+q.) I II 
+ la;-” WI-( Iu,b-PH- 5 Iu~(~-P)ljI~~-p+‘(~)l 
x=2 
01) 
since 1~ I~,(n-p)I-C,P=~)u~(n-p)) and l$-p+1 (n) I = 1 by definition (3). Since we also 
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have ,;-“+“( n) = ,;-“+‘( ,l) = . . . = a;(n) = 0 we may rewrite (11) as 
4I-Zp 2 i I 
r=l I 
ab+.-2’(n),-j,u,(i+n-2P), la;-2p+‘+yn)l 
- f: la,(i+n-2p+k-1)l la;+“-Zp+k(n)l 
k=2 II 20 using (7). 
The same kind of argument may be used to prove the theorem for p - 1 6 n < 2p. q 
Corollary. The nth convergent of the GCF, i.e. the oector C,, = (Ci, C,‘, . . . , C/ ’ ) with C,’ = a,( n + 
p - l)/a,( n + p - 1) satisfies 
p-1 
C ICij<l, VnaO. (12) 
I=1 
Proof. From (8) using (5) we have 
‘-I q(n+p-1) + 
c 
I ! 
1 
,=] ap(n +p- 1) a,(n + P - 1) 
6 1, Vn30 
with 1 l/c.y,( n +p - 1) 1 > 0. q 
4. Main result 
Theorem 2. If (1) satisfies the DC (4) then the GCF associated with (1) converges. 
Proof. We have to prove that lim. _oc~,( n)/cu,( n) exists for i = 1,. . . , p - 1. 
Now 
44 . 
,!%k a,(n) exists * x=0 
a,@ +P - 1) 
ft /:$I;; -cu,(k+p-l) 1 converges. (13) 
If we show that 
“;(k + P> ‘Y,@+P-l) 
a,(k+p) - a,@+P-1) 
(14) 
then 
yj %W+P) 
c 
‘YAk+P-1) 1 1 
x=0 #+p) - qk+p-l) b,(k+P-l)l - b,(k+p)l 
= lim 
i 
l- 
1 
x-+m 1 ly7(k+P)l . 
Since by Lemma 1 { I(~~(k+p)l} is monotonically increasing, it follows that the series in (13) 
converges absolutely, and hence the GCF converges. We will now prove (14) by induction. 
(1) We first show that (14) holds for d(p), d( p + l), . . . , d(2p - 2), where 
d(n)=a,o_ q(n - 1) 
a,(n) a,(n - 1) 
withi=l,...,p-1. 
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We have 
d(p) = 
~ Ia,(O)l-1 I~,b)I-l~p(P-1)l 
l4> I = b,(P>I b,(P-111 . 
Then, assuming that (14) holds for d(p), d( p + l), . . . , d(p+j-1) with l~j~p-2 we have 
for d(p + j) 
ldb+AI = 
I [ 
(y tb+i, $ u,(j)~i(P+j-k)+a,+,-,+,(j) 
P X-l 
- i a,(j)a,(p+j-k)+a,+,(j) $)I!_:i 
( I=1 i P II 
1 = 1 11 a,b+j) i a,(j)a,(p+j-k) ~r~pp=:l~\ -~'i:;!~:i] A=2 i P P 
+a,+p-i+l(j) -a,,+,(_d 
dP+_k 1) 
“,(P+.j- 1) . 
Using (5), (8) and the assumption above, we find 
ld(P+.i)l G 
1 
l~,(~+j)II~,b+A4I 
x iT+.ci,l( l~,(P+j-l)l-Ia,(p+j-k)O 
[ 
+laj+p-,+,(j)l b,b+.P1H+ I~,+~(j)l(l~,(~+j-~)I-1) 1 
1 
= l~,b+j)I l~,(p+j-l)l 
X 5 l~~(j>l+l~,+p-i+~(j)l l~,(~+k-l)l 
Ii k=2 I 
- i bk(Al l~,(P+j-k)I-Ia,+,(j)l I~JP-~H 
k=2 I 
.i+ 1 
(4) (ln,(i)l-l)la,(p+J-l)l-~~210,(j)l l~,b+T-~)l 
< 
l~,(p+dl lapb+j-lH 
where we define aP+l( j) = a,+,(j) = * *. = 0. 
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(2) If (14) holds for d( n + I), d( n + 2), . . . , d( n +p - 1) then it also holds for d( 11 + p). The 
proof is exactly as in 1. but the first line now reads 
Id(n+p)l= o1 Cnltp) 2 ux(n)a,(n+p4-) I [ P I,=1 
Remark 1. It is now very easy to see that the following result by De Bruin is a direct consequence 
of Theorem 2. 
Theorem (de Bruin [4]). The GCF associated with (1) with p = 3 concierges if there exist a. h E R, 
a. b>O with 
b 
’ (1 + a + b)2 ’ 
sup 
,t > ? 
a3(n) b 
~,(‘+J,(~ - l)%(n - 2) ’ (1 + a + b)3 ’ 
ah) a 
&+,(~-1) ’ (l+a+b)” 
This theorem fl 0110~s from Theorem 2 by applying an equivalence transformation to the GCF 
associated with (1) (for the case p = 2 see [5. p. 941). 
Remark 2. The corollary to Theorem 1 and Theorem 2 together constitute a generalization of 
Pringsheim’s result for continued fractions. 
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